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We clarify some misleading mistakes in the literature about the phase space
for the one-photon production in electron-proton scattering and present the correct
overall phase space factor in the cross section formula. Our conclusion is that the
earlier diquark model predictions for the cross sections of the one-photon production
in electron-proton scattering are unreliable. Further, we specify the phase space
boundaries. In relation to the recent proposal to measure the o-diagonal quark
distribution functions in the deeply virtual Compton scattering o the proton, we
point out that the kinematics strongly disfavors such experiments.
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Recently, much interest has been revived in the virtual Compton scattering (VCS) o
the proton, γ(q) + P (p) ! γ(q0) + P (p0). Among others, Ji [1] proposed that in the
deep inelastic scattering kinematics with small momentum transfer squared between the
initial- and nal-state proton, the VCS can be employed to measure some o-diagonal quark
distribution functions of the proton, yielding a determination of the quark helicity and
angular momentum contributions to the proton spin. Radyushkin [2] developed a dierent
QCD factorization approach, which claims that the VCS measures some non-forward two-
argument distribution functions in the proton.
Nevertheless, the VCS can be accessed experimentally only via the one-photon produc-
tion in electron-proton scattering (OPPinEPS), which is a 2 ! 3 process. In principle,
three-body phase space is not complicated. We contribute this note on the OPPinEPS
phase space simply based on the following considerations. First, Kroll, Schu¨rmann and Gui-
chon [3] presented a very compact and appealing overall phase space factor in their cross
section formulae for the OPPinEPS, which we cannot reproduce. Second, the phase space
boundaries of the OPPinEPS, important as they are for making theoretical predictions, have
never been specied. Third, we hope to have a general sense of how the phase space weights
the deeply VCS.
By the OPPinEPS, we mean
e−(k) + P (p)! γ(q0) + e−(k0) + P (p0):
We focus on the unpolarized scattering and assume a xed-target experiment. For the energy
regions we are interested in, the electron mass eects can be safely ignored. However, we will
keep the proton mass m, because its eects cannot be neglected in the forward kinematical
regions in which the deeply VCS has been claimed to be able to measure the o-diagonal
quark distribution functions.























As has been demonstrated in Ref. [3], it is convenient to study the VCS in its c.m. frame.
We put the z-axis in the traveling direction of the virtual photon and the x-axis onto the
proton scattering plane. In such a coordinate system, the azimuthal angle of k0 diers that
of k by . Similarly for q0 and p0. Now we adopt the spherical coordinates for q0 and the
cylindric coordinates for k0. By integrating over q00, one can eliminate the delta function in
Eq. (2). Since we are discussing the unpolarized scattering, one of the azimuthal angles of
the electron and proton scattering planes is unobservable. That we specify the x-axis in the
VCS plane implies that the azimuthal angle of the nal-state photon has been integrated










zd cos ; (3)
where , the azimuthal angle of the scattered electron about the VCS plane, is in coincidence
with the angle spanned by the electron and proton scattering planes. Notice that Eq. (3)
holds in the VCS c.m. frame only.
In principle, there exist many dierent choices of the independent kinematic variables
for the nal-state particles. For the VCS, we dene the following Mandelstam variables,
s = (q + p)2, t = (q − q0)2, u = (p − q0)2 as well as Q2  −q2. Due to the momentum
conservation p + q = p0 + q0; there is
s+ t+ u = −Q2 + 2m2: (4)
We choose s, t, Q2 and  as independent kinematical variables.
As has been shown in Ref. [3], all the non-vanishing components of the particle momenta
in the VCS c.m. frame can be easily parameterized in terms of the Lorentz invariants. A
big advantage of such parameterizations is that one can easily obtain the manifestly Lorentz
invariant expressions for the phase space factors. In doing so, an important quantity is the








where the Mandelstam function  is dened by
(x; y; z) =
q
x2 + y2 + z2 − 2xy − 2yz − 2zx: (6)
The four momenta of the virtual photon and target proton read
q = (q0; 0; 0; jpj); (7)













Labeling the scattering angle of the nal photon by , then we have
q0 = q00(1; sin ; 0; cos ); (10)
p0 = (p00;−q
0
0 sin ; 0;−q
0













The beam electron momentum k can be generally written as
k = (k0; k? cos; k? sin; kz): (13)
Correspondingly, the nal electron momentum is
k0 = (k0 − q0; k? cos; k? sin; kz − jpj): (14)

























[q0(2k0 − q0) + jpj
2]: (18)
For theoretical studies, it is more convenient to choose fs;Q2; tg instead of fk0?; k
0
z; cos g
as independent variables. Making use of Eqs. (17), (18) and
t  (q − q0)2 = −Q2 − 2q00q0 + 2q
0
0jpj cos ; (19)




(s+ 2mE +m2)[mE(s−m2) + (m2 +mE)Q2]
64(2)4mEs4(s;−Q2;m2)
jMj2: (20)
Notice that mE = p  k is a Lorentz invariant.









The authors of Ref. [3] did not present the details of their deriving Eq. (21). From their
text, however, one can deduce the following procedures to \reproduce" their result.







where subscript L denotes the laboratory frame. In the laboratory frame, there is
s = −Q2 +m2 + 2m(E − k0L0 ); (23)
Q2 = 2Ek0L0 (1− cos 
L
e ); (24)
where Le is the electron scattering angle. If one puts the third-axis along the beam direction













where Le is the azimuthal angle of the nal-state electron with respect to a reference plane







At this stage, if Le could be identied as the angle , spanned by the electron and proton
scattering planes, Eq. (21) would be reproduced. Unfortunately, this procedure cannot be
justied because Le and  are two angles specied relative to dierent reference planes, let
alone the fact they are dened in two dierent Lorentz frames. Hence, the overall phase
space factor in Eq. (21) is incorrect.
As a matter of fact, Le is unobservable in the conventional laboratory frame unless one
considers the transverse polarization of the involved particles. All the subtlety about the
OPPinEPS phase space is related to how to treat its unobservable angle. No matter which
frame one works in, one unobservable angle can be integrated out. If one works in the
VCS c.m. frame, this angle is the azimuthal angle of the proton scattering plane. As one
turns to the laboratory frame, it is the azimuthal angle of the electron scattering plane that
becomes unobservable and correspondingly the two-body VCS phase space will contain an
observable azimuthal angle, which can be chosen as . In other words, if one insists on
computing d3k0=k00 in the laboratory frame in Ref. [3], he must reconsider h ow to reduce
the VCS phase space. Indeed, one can work in any frame if calculating the phase space of
a single particle. In the treatment of the OPPinEPS phase space, however, one must work
in a specic frame to avoid the subtleties in relation to the trivial unobservable angle.
In making model predictions, it is imperative to work within the kinematics boundaries,
which is not so obvious for the OPPinEPS. Therefore, we specify also in this note the
kinematical boundaries of the OPPinEPS. First, we have




Then with xed Q2, there is
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Here the upper limit of s is by no means trivial because it is determined by the fact that
(2k0 − q0)2 − jpj2 must be semi-positive in Eq. (17). Further, corresponding to     0
we have









At last, there is
0    : (31)
A clever question is that if one can obtain the phase space factor in Eq. (21) by making
some reasonable approximations. Our answer is NO. For comparison, we set E = 15 GeV
and plot our space factor and that given in Ref. [3] versus s and Q2, as shown in Figs. 1
and 2. Our plots indicate that there are signicant discrepancies between these two phase
space factors. A downright consequence is that all the diquark model predictions for the
OPPinEPS cross section in Ref. [3] need to be reconsidered.
In conclusion, we remark on the implication of our phase space discussion to the recent
proposal [1] to measure the o-diagonal quark distribution functions of the proton in deeply
inelastic scattering region. Our plots indicate that there is a sharp peak in the small s and
Q2 regions, which does not get flattened as the beam energy varies. The phase space factor
of the OPPinEPS disfavors strongly the deeply VCS, so whether its measurement can be
done at the future ELFE machine [4] bears more research.
The author would like to thank Markus Diehl, Thierry Gousset, Caidian Lu¨ and Bernard
Pire for useful discussions.
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FIGURE CAPTION
Fig. 1. Our overall phase space factor versus s and Q2. (a) a bird’s-eye’ view; (b) with
the peak truncated.
Fig. 2. The overall phase space factor reported in Ref. [3]. (a) a bird’s-eye’ view; (b)
with the peak truncated.
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